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We study a quantum particle coupled to hard-core bosons and propagating on disordered ladders
with R legs. The particle dynamics is studied with the help of rate equations for the boson-assisted
transitions between the Anderson states. We demonstrate that for finite R < ∞ and sufficiently
strong disorder the dynamics is subdiffusive, while the two-dimensional planar systems with R→∞
appear to be diffusive for arbitrarily strong disorder. The transition from diffusive to subdiffusive
regimes may be identified via statistical fluctuations of resistivity. The corresponding distribution
function in the diffusive regime has fat tails which decrease with the system size L much slower than
1/
√
L. Finally, we present evidence that similar non–Gaussian fluctuations arise also in standard
models of many-body localization, i.e., in strongly disordered quantum spin chains.
Introduction– There is a vast numerical evidence sup-
porting the presence of many-body localization (MBL)
[1, 2] in strongly disordered one-dimensional systems
(1D), such as spin chains or equivalent models of inter-
acting spinless fermions [3–20]. Furthermore, disorder-
induced localization is consistent with several experi-
mental studies of cold-atoms in optical lattices [21–26].
Strongly disordered systems exhibit very slow relaxation
[25, 27–46] that shows up also in systems which are not
localized, e.g., due to too weak disorder or due to the
SU(2) spin–symmetry [47–51]. Then, the dynamics is
typically subdiffusive [15, 37, 52–57], what is frequently
considered as a precursor to localization [15, 37, 52–57]
and can be attributed to the presence of the so-called
weak links [25, 35, 58, 59].
The transport properties of strongly disordered sys-
tems in higher dimensions are by far less explored. On
the one hand, results in Ref. [60] suggest that MBL is
stable only in 1D systems provided that interactions de-
cay exponentially with distance. On the other hand, the
experiments show signatures of localization also in two-
dimensional (2D) [23, 25] and three-dimensional [21] sys-
tems. Thus, the dynamics of strongly disordered systems
beyond 1D remains largely an open problem. Here, the
main challenge is that most numerical methods allow the
study of too small systems or too short evolution times
to judge on the long-time properties of macroscopic sys-
tems.
In order to approach the MBL physics beyond 1D, we
study a simpler many-body system, i.e., a single quan-
tum particle coupled to hard-core bosons. The particle
propagates on a disordered R-leg ladder with different
number of legs, ranging from R = 1 (chains) to R → ∞
(planes), see Fig. 1(a). The system’s dynamics is modeled
via rate equations emerging from the Fermi golden rule
(FGR) for transitions between the localized Anderson
states [57, 61]. The approach is simple enough that we
are able to obtain unbiased numerical results for rather
large systems with N ∼ 104 sites and up to R = 102
legs. Previous studies of the same Hamiltonian on a sin-
gle chain (R = 1) revealed that for strong disorder the
particle dynamics is subdiffusive [62] and that such dy-
namics may be well described within the FGR approach
[57, 61].
Here, we show that sufficiently strong disorder causes
a transition between diffusive and subdiffusive regimes
for arbitrary R < ∞. For weaker disorder, the diffu-
sion constant D decreases almost exponentially with in-
creasing disorder and is a self-averaging quantity with
respect to various realizations of the disorder. Namely,
the sample-to-sample fluctuations of D are Gaussian and
its width decreases with system length L as 1/
√
L. How-
ever, at the transition to subdiffusion we observe strong
non–Gaussian fluctuations of effective resistivity, defined
here as the inverse diffusion constant, ρ = D−1. As a
consequence, the probability distribution of ρ reveals fat
tails, f(ρ) ∝ ρ−2, with size dependence much weaker
than 1/
√
L. In order to test whether such statistical fluc-
tuations arise only in the studied model, possibly as an
artifact of the FGR, we numerically calculate the distri-
butions of D within prototype quantum models of MBL.
Our results suggest that the fat-tailed statistical fluctu-
ations of resistivity are generic for strongly disordered
quasi-1D quantum models.
Particle in a disordered potential coupled to hard-core
bosons– We study a quantum particle on a ladder con-
taining R legs of length L coupled to itinerant hard-core
bosons. The system is described by the Hamiltonian [61],
H = −t
∑
〈i,j〉
c†i cj +
∑
j
εjnj + g
∑
j
nj(a
†
j + aj)
+ω0
∑
j
a†jaj − tb
∑
〈i,j〉
a†iaj , (1)
where εj are independent random potentials uniformly
ar
X
iv
:2
00
3.
00
49
5v
1 
 [c
on
d-
ma
t.s
tr-
el]
  1
 M
ar 
20
20
2Figure 1. (a) Sketch of the system (left) and percolation prob-
lem (right). (b) Diffusion constantD obtained from rate equa-
tions with Fermi golden rule (FGR) for L = 200 (circles) and
simplified-FGR (SFGR) for N = LR = 104 (squares) with
various number of legs, R, up to a 2D system for R  1.
Open and filled squares correspond to different realizations of
disorder.
distributed in [−W,W ]. Here, c†j and a†j refer to local
fermion and hard-core boson operators (a†ja
†
j = 0), re-
spectively. For simplicity, we set t = 1, ω0 = g = 1,
tb = 0.2 and restrict our studies to the case of an infinite
temperature, β = 1/kBT → 0.
In order to derive the rate equations (RE), we first di-
agonalize the single-particle part of the Anderson Hamil-
tonian [first two terms in Eq. (1)], HSP =
∑
l lϕ
†
lϕl ,
where ϕl =
∑
i φlici and φli are single-particle eigen-
functions. We then use the FGR to calculate the tran-
sition rates Γlk between different l 6= k Anderson states
|l〉 = ϕ†l |0〉. The emerging RE allow us to study large
system sizes N = LR / 103, whereas for N ∼ 104 we use
a simplified FGR (SFGR). In the latter approach, we ne-
glect the momentum dependence of matrix elements for
particle-boson interaction and assume a uniform bosonic
density of states. In the case of a single chain, the explicit
form of Γlk has been derived in [57] and [61] for FGR and
SFGR, respectively. For convenience, we recall the main
steps of derivations in the Supplemental Material [63].
To directly address the transport, we consider an open
system introducing the current source at the left rung
and the current drain at the right rung of the ladder,
i.e., we study a system with current flowing (on average)
along the legs, as described by the RE,
dnl
dt
= Il +
∑
k 6=l
(Γklnk − Γlknl). (2)
Here, nl is the occupation of the state |l〉 and Il = Isl +Idl
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Figure 2. Spatial profiles of ni for N = 10
4. Panels (a), (b)
and (c), (d) show results for R = 1 and R = 4, respectively.
Shaded regions represent sections of the system where the dif-
fusion constant is calculated. Results for R > 1 are averaged
over the rungs.
accounts for the source and the drain, respectively,
Isl = I0
∑
i∈left
|φli|2, Isd = −I0
∑
i∈right
|φli|2, (3)
where the summations are carried out over the left- and
right-edge rungs. Since φli are normalized, the total in-
jected current
∑
l I
s
l = R I0 hence, I0 is the average
current density. Then, the diffusion constant D is ob-
tained from the relation between the current density and
the gradient of the particle density, D = −I0/∇ni with
ni =
∑
l nl|φli|2 and nl representing the stationary so-
lution of RE (2). We refer to the Supplemental Mate-
rial [63] for technical details on the stationary solution.
Fig. 1(b) shows D vs disorder W . Each data set corre-
sponds to a single realization of disorder and varying W .
We also compare results obtained from FGR for L = 200
and SFGR with much larger L. Few things become ap-
parent from the presented results: finite-size effects and
sample-to-sample fluctuations are negligible in the diffu-
sive regime; the simplifications introduced within SFGR
do not influence the qualitative results. Another evident
but nontrivial result is the exponential dependence of D
on the disorder strength W in a wide range of the latter
[64–66], apparently extending to very large W for the 2D
system, R 1.
Results in Fig. 1b are restricted to sufficiently weak
disorder when the spatial variation of ni along the legs
is linear, as shown in Figs. 2(a) and 2(c). However, for
stronger disorder W ∼Wc, the variation becomes nonlin-
ear due to the formation of weak links which are clearly
exemplified in Figs. 2(b) and 2(d). Such behavior sig-
nals a transition between the diffusive and subdiffusive
3regimes. The threshold value Wc increases with R, but
apparently remains finite provided that R <∞. Fig. 1(b)
shows also that differences between results for various
realizations of disorder [41, 67] increase upon approach-
ing the transition. Next we demonstrate that the latter
sample-to-sample fluctuations are universal for the tran-
sition between the diffusive and the subdiffusive regimes.
Sample-to-sample fluctuations– In order to explain the
statistical fluctuations of D, we first consider a strongly
disordered single chain (R = 1) where, for simplicity,
the FGR transitions are restricted to Anderson states on
neighboring sites, Γkl ∼ δk,l+1, Isl ' I0δl1 and Idl '
I0δlL. Then, one derives from the stationary solution of
Eq. (2) that nl − nl+1 = I0/Γl,l+1, and consequently
ρ = D−1 ' n1 − nL
LI0 =
1
L
∑
l
τl, τl =
1
Γl,l+1
. (4)
As previously demonstrated for the same model [57, 61],
the transition times τl = Γ
−1
l,l+1, can be well approx-
imated via independent random variables with power-
law probability distribution function fτ (τ) ∝ τ−(α+1) for
large enough τ . Within this simplification, ρ in Eq. (4)
becomes an average of L-independent random variables
with the transition to subdiffusion at α = 1.
Here, we focus on the diffusive regime, 1 <
α < 2, where the average transition time is finite
〈τ〉 = ∫∞
0
dτ fτ (τ)τ <∞, but 〈τ2〉 diverges, thus the
fluctuations of ρ are non–Gaussian. It is well established
for the fat-tailed (the so-called α-stable) distributions
[68] that the random variable
u =
1
L1/α
(
L∑
l=1
τl − L〈τ〉
)
= L(α−1)/α(ρ− 〈τ〉), (5)
has a limit distribution fu(u) for L→∞ and asymptoti-
cally fu(u) ∝ u−(α+1). Clearly, the latter determines the
tails as well as the L-dependence of the resistivity dis-
tribution fρ(ρ). In particular, close to the transition to
the subdiffusive regime, α→ 1, the exponent in r.h.s. of
Eq. (5) vanishes, (α − 1)/α → 0. As a consequence,
one obtains weak, at most logarithmic, L-dependence
of fρ(ρ). The fat tails can be observed from the cu-
mulative and the complementary cumulative distribution
functions of D and ρ, respectively,
FD(D) =
∫ D
0
dD′fD′(D′) ' D
α
αLα−1
, D  〈τ〉−1, (6)
F cρ (ρ) =
∫ ∞
ρ
dρ′fρ(ρ′) ' 1
αLα−1ρα
, ρ 〈τ〉 . (7)
It is by far not clear whether the same properties sur-
vive in the considered system, when the transition rates
are not independent random variables connecting only
neighboring sites but, instead, are obtained fully from
FGR. In figures 3a and 3b we present FD(D) (main pan-
els) and F cρ (ρ) (inset in b) calculated for a two-leg ladder
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Figure 3. Main panels: cumulative distribution functions
of the diffusion constant, FD(D). Inset (a): FD(D) for
L = 5 × 103 fitted with the error function. Insets (b),(c):
complementary distribution functions of the resistivity F cρ (ρ).
(a) and (b) Results obtained via rate equations with SFGR
for R = 2. (c) Results for a chain with independent random
transition times with fat-tailed distribution, Eq. (4).
(R = 2) directly from the stationary solution of Eqs. (2)
and with SFGR transition rates. For comparison, we
display in Fig. 3c similar results, obtained from the toy
model, Eq. (4), with fτ (τ) = τ
−(α+1) for τ ≥ 1, where
we used α = 1.01. For modest disorder shown in Fig. 3a
we confirm that FD(D) represents an error function, in
agreement with the Gaussian fluctuations of D and its
width decreasing approximately as 1/
√
L (not shown).
However, upon approaching the transition to the subdif-
fusive regime, as in Fig. 3b, FD(D) clearly differs from the
Gaussian case. Results for F cρ (ρ) and FD(D) now agree
with the analytical predictions, Eqs. (7) and Eqs. (6)
for α → 1. In particular, the statistical fluctuations for
ρ 〈τ〉 (or D → 0) only weakly depend on L. Moreover,
the latter results are qualitatively similar to those shown
in Fig. 3(c) for the toy model (R = 1) with random tran-
sition rates between neighboring Anderson states.
Diffusivity of the planar system– The toy model also
offers a simple explanation of why the 2D system remains
diffusive for arbitrary W , as shown in Fig. 1b. To this
end, we construct the lower bound on D and demonstrate
that it is non-zero. We consider a network with only
4nearest-neighbor transitions, shown in the right panel of
Fig. 1a. We set a threshold transition time τth < ∞
and check τl on each link in the network. For links with
τl < τth we replace τl with τth and remove links which do
not satisfy the latter inequality. As a consequence, the
values of all τl increase, hence we end up with a percola-
tion problem for a system which obviously has smaller D
than the original system. The density of removed links∫∞
τth
dτ fτ (τ) = 1/(ατ
α
th) may be tuned to an arbitrar-
ily small number via increasing τth, thus the system may
be tuned above the percolation threshold for arbitrary
α > 0. Consequently, the transport is always diffusive.
Fluctuations in disordered spin chains– Next, we check
whether such anomalous fluctuations are general and
arise also beyond the semi-classical RE approach. To this
end, we investigate the sample-to-sample fluctuation of
the transport quantities in prototype 1D models which,
for strong enough disorder, exhibit MBL or a diffusion-
subdiffusion transition.
As a first example, we consider the standard model of
MBL, i.e., the Heisenberg model with quenched disor-
der introduced via a random on-site magnetic field [1, 2].
It is commonly accepted that the transition from er-
godic to non-ergodic phase takes place at W/J ' 3.7,
where J is the antiferromagnetic exchange coupling [4].
Furthermore, it has been argued that the MBL phase
in this model is preceded by the subdiffusive Griffiths
phase [25, 35, 58, 59]. The second investigated model
describes the spin dynamics in the Hubbard chain with
a random charge potential. The latter disorder localizes
the charge (i.e., the density of fermions), yielding only
the spin degrees of freedom mobile. The effective model
[54, 69–71] takes a form of the random-exchange ferro-
magnetic Heisenberg model with a singular distribution
of J , fJ(J) = λJ
λ−1 for 0 6 J 6 1. It was shown that
for strong charge disorder (λ < 1) the spin dynamics
in this specific random-J Heisenberg chain is subdiffu-
sive [54, 69, 70]. Finally, we examine also the energy
transport in the random-transverse-field Ising model for
which the existence of MBL has been shown analytically
[18, 72].
In order to extract the analogues of the diffusion con-
stant, we calculate the low-frequency regular part of the
conductivity D = C(ω → 0), where C is the spin conduc-
tivity in the Heisenberg models and the thermal conduc-
tivity in the transverse-field Ising model. It is important
to note that the spectrum of a finite-size system with
discrete Hilbert space has to be artificially broadened in
order to address the d.c. limit. Such broadening can, in
principle, affect the value of D. Our results indicate that
although the median, Dmed, may substantially dependent
on the broadening, the functional form of the distribution
fD(D) does not. We refer to the Supplemental Material
[63] and Ref. [73] for technical details.
In Fig. 4, we present the cumulative distribution func-
tions FD(D) obtained for the disordered quantum spin
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Figure 4. Cumulative distribution functions FD(D) as cal-
culated for various disorder strengths in the ergodic regime
for (a) random-field Heisenberg model, (b) random-J Heisen-
berg model with fJ(J) = λJ
λ−1 distribution and (c) random-
transverse-field Ising model (see the text for details). Panels
(a) and (b) are obtained with Nr = 1000 realizations of the
disorder, while Nr = 200 in panel (c).
chains. For small enough disorder and for all considered
models, FD(D) may be well fitted by the error function,
reflecting the Gaussian distribution of D. On the other
hand, increasing the disorder strength changes the func-
tional form of fD(D). It is evident that the distributions
become non-Gaussian, closely resembling the results in
Figs. 3b and 3c for the RE approach. The latter simi-
larity suggests that the fat-tailed fluctuations of resistiv-
ity at the diffusion-subdiffusion transition are generic for
strongly disordered quasi-1D systems. Due to the limita-
tions of the numerical method, we do not get irrefutable
evidence for the spin chains and the latter claim should
be considered as a well justified conjecture. The numeri-
cal verification of the weak L-dependence of fD(D) seems
to be a particularly challenging problem.
Conclusions– We have studied how the transport prop-
erties of a strongly disordered system with many-body
interactions depend on its dimensionality. The geometry
of the R-leg ladders allowed tuning the system between
one-dimensional (R = 1) and two-dimensional (R →∞)
cases. On the one hand, we have demonstrated that suf-
ficiently strong disorder causes subdiffusive transport for
5any finite R and that the weak-link scenario survives
also for R > 1. On the other hand, planar systems
(R→∞) appear to be always diffusive, albeit the diffu-
sion constant decreases exponentially with the disorder
strength and may eventually become undetectably small.
We have shown that the diffusion-subdiffusion transition
may be identified via fat-tailed statistical fluctuations of
resistivity between different realizations of disorder. Nu-
merical results obtained for various models of disordered
spin chains suggest that the latter fluctuations may be
generic for quasi-1D quantum systems. The presence of
non-Gaussian and almost size–independent fluctuations
poses challenging problem for numerical studies, espe-
cially when self-averaging quantities are obtained numer-
ically from averaging over various realizations of disorder.
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TRANSITION RATES FOR SINGLE PARTICLE
COUPLED TO HARD-CORE BOSONS
We recall the main steps of derivations in [57] and [61]
for the transition rates between the Anderson states orig-
inating from the coupling to hard-core bosons. To this
end, we solve the single-particle eigenproblem
− t
∑
〈i,j〉
c†i cj +
∑
j
εjnj =
∑
l
lϕ
†
lϕl , (S1)
where ϕ†l =
∑
i φlic
†
i creates a particle in the Anderson-
localized state with the eigenfunction φli and we take all
φli as real. Then, we rewrite the interaction part of the
Hamiltonian using ϕ†l
H ′ =
∑
i,l,k
ηlkiϕ
†
lϕk(a
†
i + ai ), ηlki = gφkiφli. (S2)
We use the Fermi golden rule (FGR) to calculate the
transition rate from |l〉 to |k〉
Γlk = 2pi
∑
b,a
wb|〈l, b|H ′|k, a〉|2δ(Eb,l − Ea,k),
=
∑
b
wb
∫ ∞
−∞
dt 〈l, b|H ′(t) (|k〉〈k| ⊗ Ib)H ′|l, b〉,
(S3)
where |l, b〉 = |l〉 ⊗ |b〉 and wb are the equilibrium proba-
bilities for finding the hard-core bosons in the state |b〉.
Here, we consider only the case of infinite temperature
T →∞, hence wb = const.
For hard-core bosons, there may be at most a single
boson creation/annihilation per site. Therefore, multi-
boson contributions to FGR are significantly reduced
with respect to regular bosons. This reduction is par-
ticularly important for strong disorder, i.e., for a short
localization length of the Anderson states φli. Neglecting
the multi-boson contributions, we rewrite the perturba-
tion using the wave-vector representation for the bosonic
operators
H ′(t) '
∑
lkq
ηlkqϕ
†
lϕk[a−qe
it(l−k−ωq) + a†qe
it(l−k+ωq)],
(S4)
where
ωq = ω0 − 2tb[cos(qx) + cos(qy)], (S5)
ηlkq =
g√
N
∑
j
e−iq·Rjφljφkj , (S6)
c.f. Hamiltonian (1) in the main text. At T → ∞
the hard-core bosons randomly occupy the single-particle
states, thus∑
b
wb〈b|a†qaq′ |b〉 =
∑
b
wb〈b|aqa†q′ |b〉 =
1
2
δq,q′ (S7)
Substituting Eq. (S4) into (S3) and using (S7) one finds
the transition rates
Γlk = pi
∑
q
|ηlkq|2 [δ(l − k − ωq) + δ(l − k + ωq)] ,
(S8)
which take into account the bosonic dispersion relation
and the details of the matrix elements ηlkq. In the main
text, we refer to Eq. (S8) as FGR. Using FGR we study
systems up to N ∼ 103.
One may significantly simplify the numerical calcula-
tions by neglecting the q-dependence of the matrix ele-
ments
|ηlkq|2 ' |ηlk|2 = 1
N
∑
q
|ηlkq|2 = g
2
N
∑
j
(φljφkj)
2, (S9)
and assuming a uniform bosonic density of states
1
N
∑
q
δ(ω − ωq) ' 1
Ω
θ(Ω− ω), ω ≥ 0, (S10)
where Ω is an effective bosonic frequency. Within these
simplifcations the transition rates read
Γlk = pi
g2
Ω
θ(Ω− |l − k|)
∑
j
(φljφkj)
2. (S11)
We refer to Eq. (S11) as the simplified FGR (SFGR) for
which we are able to reach N ∼ 104. In the numerical
calculations we take ω0 = g = 1 and tb = 0.2. In the
quasi-2D system, the bosonic spectrum has width 8tb and
S2
the exact density of states is strongly peaked at ω = ω0.
For this reason we take Ω = 1.2 < 8tb.
In order to find the stationary solution of RE (2) in the
main text, we put dnldt = 0 and diagonalize the matrix
Γ˜lk = δlk
∑
j
Γlj − Γkl, (S12)
̂˜
Γ = Û diag(λ1, ... , λN ) Û
T . (S13)
Then, one obtains the stationary occupations of the An-
derson states
nl =
∑
l,k,j
Ulj
1
λj
UTjkIk, (S14)
where we have omitted the zero-mode, λ1 = 0, corre-
sponding to the conservation of the total particle num-
ber. In order to eliminate the boundary effects, we divide
the system into three sections of equal size. The gradi-
ent of the particle density in real space, ∇ni, is obtained
from the linear fitting of ni =
∑
l nl|φli|2 in the middle
section.
STATISTICAL FLUCTUATIONS OF
CONDUCTIVITY IN DISORDERED SPIN
CHAINS
In the main text of the manuscript, we have consid-
ered three one-dimensional quantum spin chains with
quenched disorder:
(i) Antiferromagnetic Heisenberg model (AHM)
H = J
∑
i
(
Sxi S
x
i+1 + S
y
i S
y
i+1 + ∆S
z
i S
z
i+1
)
+ J∆2
∑
i
Szi S
z
i+2 +
∑
i
hi S
z
i , (S15)
where we have set J = 1 as the unit of energy and the
local magnetic fields hi are random numbers drawn from
a uniform distribution in the interval hi ∈ [−W,W ]. Fur-
thermore, we have chosen ∆ = 0.75 and ∆2 = 0.5. The
latter is the integrability breaking term in the clean limit,
W = 0.
(ii) Ferromagnetic random-J Heisenberg model (effective
spin Hamiltonian of the Hubbard model with strong dis-
order in the charge potential, see Ref. [54] and [69] of the
main text for more details), i.e.,
H = −
∑
i
Ji Si · Si+1 . (S16)
Here Si stands for Si = (S
x
i , S
y
i , S
z
i ) and exchange cou-
pling Ji has to be drawn from the probability distribution
given by fJ(J) = λJ
λ−1 for 0 6 J 6 1, where λ controls
the disorder strength (we refer the interested reader to
Ref. [54] and [69] of the main text for details on this
model).
(iii) Random transverse-field Ising model
H =
∑
i
(J + δJi)S
z
i S
z
i+1 +
∑
i
hi S
z
i + f
∑
i
Sxi , (S17)
with J = 1 as the unit of energy, fixed parameter f/J =
0.5, and uniform distribution hi ∈ [−W,W ]. Similarly
to the AHM we break the integrability of the clean case
(W = 0), i.e., we added small randomness in the spin
exchange coupling, δJi ∈ [−WJ ,WJ ] with WJ/J = 0.2,
thus varying only W in our consideration.
The regular part of the generic conductivity C(ω) in
the high-temperature limit (β → 0) can be defined as
follows:
Creg(ω) =
pi
LZ
∑
En 6=Em
|〈n|j|m〉|2 δ(En−Em−ω) , (S18)
where L is the considered system size [L = 26 for
the models (i) and (ii); L = 20 for the model
(iii)], Z is the partition function (for β → 0,
Z is the dimension of the Hilbert space), |n〉 and
En are the many-body eigenstates and the eigenval-
ues, respectively. For the Heisenberg models [(i)
and (ii)] the diffusion constant was extracted from
the spin conductivity D = Creg(ω → 0) = σreg(ω → 0)/β
with the spin current operator defined as j = jS ≡∑
i Ji
(
Sxi S
y
i+1 − Syi Sxi+1
)
. For the transverse-field Ising
model (iii) the only conserved quantity is energy. As
a consequence, we evaluate the enery (thermal) diffu-
sion constant obtained from the thermal conductivity
D = Creg(ω → 0) = κreg(ω → 0)/β2 with the energy cur-
rent operator defined as j = jE ≡ f∑i(J + δJi)Szi Sxi+1.
Eq. (S18) is then numerically evaluated with the help of
the Microcanonical Lanczos Method [73] with MLan =
104 Lanczos steps. The latter allows us to obtain fre-
quency resolution ∆ω = ∆E/MLan ' 10−3, where ∆E is
the energy span.
It is important to note that the spectrum in Eq. (S18)
is discrete and in order to properly resolve the ω → 0
limit one has to artificially broaden it with, e.g., the
Gaussian kernel,
CSreg(ω) =
∞∫
−∞
dω′
1√
2piη
e
− (ω−ω′)2
2η2 CRreg(ω
′) , (S19)
where CRreg (C
S
reg) refers to the raw (smoothed) data. As a
consequence, the results—especially in the ω → 0 limit—
can be influenced by the broadening η. In Fig. S1 we
present the cumulative distribution functions of the dif-
fusion constant, FD(D), for all considered models and
various values of the broadening η. It is evident from the
presented results that for large disorder, the distribution
FD(D) does indeed depend on the value of η [see panels
(a) and (b)]. However, our results also indicate [panels (c)
and (d)] that for any realistic broadening, η > ∆ω, the
S3
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Figure S1. Cumulative distribution functions for the diffusion constant, FD(D), as calculated for various disorder strengths
and broadenings η for (a-d) random-field Heisenberg model, (e) ferromagnetic random-J Heisenberg model (effective spin
Hamiltonian of the Hubbard model with strong disorder in the charge potential), and (f) random transverse-field Ising model
(see the text for details).
normalized by median distribution is η-independent (i.e.,
the functional form of FD(D) is almost η-independent)
[41]. Such behavior was observed for all considered mod-
els: see panel (e) for the random-J model and panel (f)
for the random transverse-field Ising model.
